The Alexander Polynomial for Tangles

Pensieve Header: Thisis a commented version of the pA program, computing the Alexander polynomial for w-tangles using half-
densities, along with testing and verification of some relations. September 2008, Joint with Jana Archibald.

<< Knot Theory"

Loadi ng Knot Theory™ version of August 13, 2008, 14:31:13.4448.
Read nmore at http: //katlas. org/w ki /Knot Theory.

The Program

The Circuit Algebra

m Variable Equivalences

Equal[vl, v2,...] Equa[wl, w2, ..] ... declaresthat vi==v2 == ..., wl==w2 == ..., efc.
ReductionRuleg[eqgs] produces alist of reduction rules that reduce expressions modulo the given equival ences egs.

Reducti onRul es [Tinmes[]1] = {};
ReductionRul es [Equal [a_, b__]1] := (# » a) & /@ {b};
ReductionRul es [eqs_Tinmes] : = Join @@ (ReductionRules /@ List @@ eqs)

m Some Exterior Algebra Operations

WIil,i2, ...] denotesan exterior product with indicesil, i2, ...

WExpand[expr] sortsall the W' sin expr.

a~WM~b wedge multipliesa and b; WM[a,b,c,...] wedge multipliesa, b, c,...

IMTi, WI...]] inner multipliesW[...] by i. i may be replaced by alist, and W by an arbitrary linear combinations of W's.

WExpand [expr _] : = Expand[expr /. w W: Signature[w] »Sort [w]];
WI[__, 0 __1-=0;
a_ ~WM~ b_ := WExpand [Distribute[a*+b] /.
(Cl_. * V\LI._V\/) *% (CZ_. * V\/Z_V\/) > clc2Join[wl, w2]
B

Wa_, b_, c_1 := a~WI~ Wb, c];
I M[{}, expr_] := expr;

IMIi_, wW := If[MenberQ[w, i], -(-1)"Position[w, i]1[[1, 1]] Del eteCases[w, i], O];
IM[{is___, i_}, wW :=IM{is}, IMIi, wl;

IM[is_List, expr_] := expr /. WW:= IM[is, w]

m Alexander Half - Densities

AHD[{i1, ...}, W[o0], ..]], egs, p] denotes an Alexander half - density with incoming legsil, ... (Bosons), outgoing legs o1, ....
(Fermions), variable equivalences egs, and payload the half - density p.
AHDI...]*AHD]...] circuit-multiplies two Alexander half-densities.
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AHD[is_, -o0s_, eqs_, p_] := AHD[is, os, egs, Expand[-pl];
AHD /: Reduce[AHD[is_, os_, egs_, p_1] :=
AHD[Sort [is], WExpand[os], eqs, WExpand[p /. ReductionRules[egs]]];
AHD /: AHD[isl , osl_, eqsl_, pl_]1 = AHD[is2_, o0s2_, eqs2_, p2_] := Mdule]
{gl ued},
glued = Union[lntersection[isl, List ee os2],
Reduce [AHD[
Conpl ement [Union[isl, is2], glued],
| M[gl ued, o0sl1l~WM~0s2],
eqsl xeqs2 //. eql_Equal xeq2_Equal /;
Intersection[List ee eql, List eeeq2] =!= {} = Union[eql, eq2],
| M[gl ued, pl~WM~p2]
11

Intersection[is2, List e@ o0s1]];

m The Basic Components

VN (YRR Y N5 dini; il
A
X,

—tplrk + i1 1L K SN Ak +(1L,'“”J”‘f+mg

J
KV"‘&
AT[Xpli_, j_, k_, 1_11 := AHD[{i, '}, Wj, kI, (ti ==ty) (tj ==t;),
WL, 0T+ (b =)W, jJT-t WL, KT+ W, JT+t W, K]
I:
ATIXm[i_, j_, k_, 1_11 := AHD[{i, j}, Wk, 1], (ti ==ty) (tj ==t;),
t]M'!J]_tJMI!|]+MJIk]+(tl_1)wjrl]+vv[kll]

]

m The Overall Invariant

This pat of the program is modeled after the “faster Jones' program of
http : // katlas.org/wiki/The_Jones _Polynomial &+ How_is_the _Jones_polynomia _computed?

The definition "AT[cd_CircuitDiagram] := Times @@ (AT /@ cd)" would work too, only slower.

AT[cd_CircuitDiagram] := AT[cd, {}, 17;
AT[cd_CircuitDi agram, inside_, ahd_] : = Mdule[
{pos = First [Ordering[Length[Conpl enent [List ee#, inside]] &/@cd]]},
AT[
Del ete[cd, pos],
Union[inside, List ee cd[[pos]]],
ahd =« AT[cd[[pos]]]
1
1;
AT[CircuitDi agram[], _, ahd_] : = ahd


http://katlas.org/wiki/The_Jones_Polynomial#How_is_the_Jones_polynomial_computed.3F
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Some Relations

m Reidemeister 3

™

resl = AT /e {
CrcuitD agram[Xp[7, 9, 6, 11, XpI[3, 8, 7, 2], XpI[8, 4, 5, 911,
CircuitDi agram[Xp[3, 4, 7, 9], Xp[7, 5, 6, 8], Xp[2, 9, 8, 11]
}

{AHD[ {1, 2, 3}, W4, 5, 6], (t1=ts=tg) (tp=ts=tg) (tzg=te=1t7),
-W1, 2, 3] +W1, 2, 4] -tsW1, 2, 4] +t. W1, 2, 5] -t;tzgW1, 2, 5] +
tito W1, 2, 6] -W1, 3, 4] +t, W1, 3, 4] -t; W1, 3, 5] +t1t, W1, 4, 5] -
titots W1, 4, 5] -ty to, W1, 4, 6]+t t3W1, 4, 6] -t2t, W1, 5 6] +W2, 3, 4]+
t1 W2, 4, 5] -t;tgW2, 4, 5] +t1t, W2, 4, 6] -t1 W3, 4, 5] +t3t, W4, 5, 6]],
AHD[ {1, 2, 3}, W4, 5, 6], (t1=tg=tg) (tp=t5=1tg) (tg=1tg=1t7),
~W1, 2, 3] +W1, 2, 4] -tsW1, 2, 4] +t: W1, 2, 5] -t;tz3W1, 2, 5]+
titoa W1, 2, 6] -W1, 3, 4] +toa W1, 3, 4] -t: W1, 3, 5] +t1t, W1, 4, 5] -
titota W, 4, 5] -t1t, W1, 4, 6] +t1t3 W1, 4, 6] -t3t, W1, 5 6] +W2, 3, 4] +
t1 W2, 4, 5] -t1tz3W2, 4, 5] +t1t, W2, 4, 6] -t1 W3, 4, 5] +tit, W4, 5, 6]]}

Equal ee (Last /e resl)

True

= Virtual Double Delta

147 v,

res2 = AT /e {
CrcuitD agram[Xp[1, 2, 11, 8], Xm[l11, 3, 12, 7], Xp[l2, 4, 13, 10], Xm[13, 5, 6, 911,
CrcuitD agram[Xp[1, 4, 11, 10], Xm[l1l1, 5, 12, 9], Xp[1l2, 2, 13, 8], Xm[l1l3, 3, 6, 71]
}
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{AHD[ {1, 3, 5, 8, 10}, W2, 4, 6, 7, 9],

(tz =1tg) (L3 =1t7) (tg4=1tg) (I5=1tg) (L1 =tg =1t =112 =113),

tats W1, 2, 3, 4, 5] ~tgts W1, 2, 3, 4, 9] +tatsW1, 2, 3, 5 10] -tstsW1, 2, 3, 9, 10

tats W1, 2,
tats W1, 3,
tats W1, 4,
tata W2, 3,
titats W2,
tats W2, 3,
tats W2, 3,
titats W2,
tata W2, 3,
tats W2, 3,
titatsa W2,
titats W2,
tata W2, 4,
titata W2,
tata W2, 4,
titats W2,
titats W2,
tata W2, 6,
tats W3, 4,
tats W3, 4,
titats W3,
tyta W3, 5,
tats W3, 5,
tats W3, 7,
titats W4,
tats W4, 6,
tats W5, 7,
W2, 4, 6, 7, 9]
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5,
5,

’

2
5,
4

5
7,
4

’

6
8,
5

7
6,
5

7,
7

7
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2
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]
7] ~tsts WL, 2, 4, 7, 9] +tats W1, 2, 5 7, 10] +tsts W1, 2, 7, 9, 10] +
8] +tatsW1, 3, 4, 8, 9] ~tstsW1, 3, 5 8, 10] ~tstsW1, 3, 8, 9, 10
8] +tats W1, 4, 7, 8 9] ~tstsW1, 5 7, 8 10] +tstsW1, 7, 8, 9, 10
6] +totsW2, 3, 4, 5 7] -titrtsW2, 3, 4, 5 7] -tztsW2, 3, 4, 5, 8
5, 8] +tatsW2, 3, 4, 5 9] -titt, W2, 3, 4, 5 9] -

10] +t1totsW2, 3, 4, 5, 10] ~tot4 W2, 3, 4, 6, 9] +

9] ~titatsW2, 3, 4, 7, 9] ~tztsW2, 3, 4, 8, 9] +

8, 9] +totsW2, 3, 4, 9, 10] ~t1t,tsW2, 3, 4, 9, 10] +

10] ~tots W2, 3, 5, 7, 10] +t1t,ts W2, 3, 5, 7, 10] +

10] ~titstsW2, 3, 5, 8, 10] ~tot4 W2, 3, 5, 9, 10] +

9, 10] +tot4 W2, 3, 6, 9, 10] ~totsW2, 3, 7, 9, 10] +

9, 10] +tstsW2, 3, 8, 9, 10] ~t tztsW2, 3, 8, 9, 10] -

7] +tatsW2, 4, 5 7, 8] ~titztsW2, 4, 5 7, 8] —~tot, W2, 4, 5 7, 9]+

7, 9] +tats W2, 4, 5, 7, 10] ~titots W2, 4, 5, 7, 10] +

9] ~t3tsW2, 4, 7, 8, 9] +titsts W2, 4, 7, 8, 9] +tats W2, 4, 7, 9, 10] -
9, 10] ~t,t4 W2, 5, 6, 7, 10] +tstsW2, 5, 7, 8, 10] -

8, 10] ~to,t4W2, 5 7, 9, 10] +tit,t, W2, 5 7, 9, 10] +

10] ~t3tsW2, 7, 8, 9, 10] +titstsW2, 7, 8, 9, 10] +t,t, W3, 4, 5, 6, 8] -
8] +titots W3, 4, 5 7, 8] +t,t, W3, 4, 5 8, 9] titats W3, 4, 5 8, 9] -
10] +t1totsW3, 4, 5, 8, 10] ~t,t4 W3, 4, 6, 8, 9] +t,tsW3, 4, 7, 8, 9] -
8, 9] ~totsW3, 4, 8, 9, 10] +titotsW3, 4, 8, 9, 10] +

10] ~t,tsW3, 5, 7, 8, 10] +titotsW3, 5, 7, 8, 10] +

10] ~t1t,t4 W3, 5 8, 9, 10] ~t,t4 W3, 6, 8, 9, 10] +

10] ~t1totsW3, 7, 8, 9, 10] +tot4 W4, 5, 6, 7, 8] ~t,ts W4, 5, 7, 8, 9] +
8, 9] +tatsW4, 5 7,8 10] ~titotsW4, 5 7, 8 10] +

9] ~t,tsW4, 7, 8, 9, 10] +t1tots W4, 7, 8, 9, 10] ~t,t4 W5, 6, 7, 8, 10] +
10] ~titot4 W5, 7, 8, 9, 10] ~t,t, W6, 7, 8, 9, 10]], AHD[{1, 3, 5, 8, 10},

]
] -
] -
]

+

2=1g) (tg=17) (tg==110) (I5=1g) (1 ==t =111 =112 ==113),

tgts W1, 2, 3, 4, 5] -tztsW1, 2, 3, 4, 9] +tztsW1, 2, 3, 5, 10] -tgtsW1, 2, 3, 9, 10] -
7] -tztsW1, 2, 4, 7, 9] +tgts W1, 2, 5, 7, 10] +tgts W1, 2, 7, 9, 10] +
8] +tzts W1, 3, 4, 8, 9] -t3ztsW1, 3,5, 8, 10] -tgtsW1, 3, 8 9, 10] -
8] +tztsW1, 4, 7, 8, 9] -tztsW1, 5, 7, 8 10] +tzts W1, 7, 8, 9, 10] -
6] +tota W2, 3, 4, 5, 7] -t1t,t4 W2, 3, 4,5, 7] -tzgt4s W2, 3, 4, 5, 8] +
5 8] +tztsW2, 3, 4,5, 9] -t;tzt, W2, 3, 4, 5 9] -

titstas W2,
tats W2, 3,
trts W2, 3,
titats W2,
trts W2, 3,
tataW2, 3,
titata W2,
titats W2,
trts W2, 4,

LA NI NI RN, N

L L oo

’

5
7,
4

6,
8,
5,
7,
6,

10] +titsts W2, 3, 4, 5, 10] ~t,t4, W2, 3, 4, 6, 9] +
9] —titprts W2, 3, 4, 7, 9] ~tzts W2, 3, 4, 8, 9] +

8, 9] +tstsW2, 3, 4, 9, 10] ~titztsW2, 3, 4, 9, 10] +

10] ~t,tsW2, 3, 5, 7, 10] +t1tot4s W2, 3, 5 7, 10] +

10] ~titst4s W2, 3, 5 8, 10] ~tsts W2, 3, 5, 9, 10] +

9, 10] +tot4s W2, 3, 6, 9, 10] ~tot4s W2, 3, 7, 9, 10] +

9, 10] +tst4s W2, 3, 8, 9, 10] ~t tzt, W2, 3, 8, 9, 10] -

7] +tsta W2, 4, 5, 7, 8] ~titzts W2, 4, 5, 7, 8] ~tzts W2, 4, 5 7, 9] +
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titsta W2, 4, 5 7, 9] +tats W2, 4, 5, 7, 10] ~t1tsts W2, 4, 5, 7, 10] +

tota W2, 4, 6, 7, 9] ~tats W2, 4, 7, 8, 9] +t1tata W2, 4, 7, 8, 9] +tats W2, 4, 7, 9, 10] -
tptstsW2, 4, 7, 9, 10] -t,t4 W2, 5, 6, 7, 10] +tz3t, W2, 5 7, 8, 10] -

titzts W2, 5, 7, 8, 10] ~tzts W2, 5, 7, 9, 10] +t1tsta W2, 5, 7, 9, 10] +

tot4 W2, 6, 7, 9, 10] -tztas W2, 7, 8, 9, 10] +tt3t,s W2, 7, 8, 9, 10] +t,t4 W3, 4, 5, 6, 8] -
t,ta W3, 4,5 7, 8] +t1tats W3, 4, 5, 7, 8 +tatas W3, 4, 5, 8 9] -t1tsts W3, 4, 5 8, 9] -
t3ts W3, 4, 5, 8 10] +t1t3tsW3, 4,5, 8, 10] -t,t, W3, 4, 6, 8 9] +tt, W3, 4, 7, 8, 9] -
titots W3, 4, 7, 8 9] ~tstsW3, 4, 8, 9, 10] +t1tsts W3, 4, 8, 9, 10] +

to,t4 W3, 5 6, 8 10] -tots W3, 5 7, 8, 10] +ttot, W3, 5 7, 8 10] +

tat,W3, 5, 8 9, 10] ~t;tsta W3, 5 8, 9, 10] -tots W3, 6, 8 9, 10] +

tot4 W3, 7, 8 9, 10] -t1t,t4 W3, 7, 8, 9, 10] +tot, W4, 5 6, 7, 8] -tzt, W4, 5 7, 8, 9]+
titzts W4, 5, 7, 8, 9] +tstsW4, 5, 7, 8 10] ~titatsW4, 5, 7, 8, 10] +

tats W4, 6,

7, 8, 9] -t3tsW4, 7, 8, 9, 10] +t tsts W4, 7, 8, 9, 10] -t t, W5, 6, 7, 8, 10] +
tstaWS5, 7, 8, 9, 10] -t t3t, W5, 7, 8 9, 10] -t,t4 W6, 7, 8, 9, 10]]}
{1, -1}. (Last /@res2) /. {ts-ty, tz->ty}
0

Just for fun, let' stry that again with al crossingsflipped :

VDDFI i pped = {
CrcuitD agram[Xp[l, 2, 11, 8], Xm[l11, 3, 12, 7], Xp[l2, 4, 13, 10], Xm[13, 5, 6, 911,
CrcuitD agram[Xp[1, 4, 11, 10], Xm[l1l1, 5, 12, 9], Xp[l2, 2, 13, 8], Xm[1l3, 3, 6, 711
Y /o {Xpli L, j_, k., 11 = Xm[l, i, j, k1, Xm[i_, j_, k_, 1_1 = Xp[j, k, I, i1}

{(CircuitD agram[Xm[8, 1, 2, 11], Xp[3, 12, 7, 11], Xm[10, 12, 4, 13], Xp[5, 6, 9, 13]],
Circui t Di agram[Xm[10, 1, 4, 11], Xp[5, 12, 9, 11], Xm[8, 12, 2, 13], Xp[3, 6, 7, 13]]}

res3 = (AT /e VDDFlipped);
{1, -1}. (Last /@res3) /. {tsoty, tz->ty}

0

= Double Delta
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resd = AT /e {
Circui t Di agram|
Xm[19, 1, 20, 21, Xp[l11, 3, 12, 2], Xp[3, 30, 4, 29], Xm[4, 21, 5, 22],
Xp[6, 23, 7, 22], Xm[7, 28, 8, 29], Xm[12, 8, 13, 9], Xp[18, 10, 19, 9],
Xm[27, 13, 28, 141, Xp[23, 15, 24, 14], Xm[24, 16, 25, 17], Xp[26, 18, 27, 17]
1,
Circui t Di agram|
Xp[l, 28, 2, 27], Xm[2, 23, 3, 24], Xm[l17, 3, 18, 4], Xp[13, 5, 14, 4],
Xm[14, 6, 15, 7], Xp[l6, 8, 17, 71, XpI[8, 25, 9, 24], Xm[9, 26, 10, 271,
Xm[29, 11, 30, 12], Xp[21, 13, 22, 12], Xm[22, 18, 23, 19], Xp[28, 20, 29, 19]
1
}

A very large output was generated. Here is a sample of it:

{AHD[{l, 6, 11, 16, 21, 26}, W5, 10, 15, 20, 25, 30],
(tg =ty=tg=1tg=1ts) (<l>) 2> («<l>) («<l>),
~tZt3st3, W1, 5 6, 11, 15, 21] +t&t3st5, W1, 5, 6, 11, 15, 21] + «<3582>> +
titet?; t3, W10, 15, 20, 25, 26, 30] -t3tet? t3, W10, 15, 20, 25, 26, 30]}, <<1>>}

Show Less || Show More || Show Full Output || Set Size Limit...

{1, -1}. (Last /@resd) /. {tg » t1, tie =» t11, tog =» to1}

0

Testing
Reducti onRul es [Equi v [t [1], t [2]] Equi v [t [2], t [3]]]
Reducti onRul es [Equi v [t [1], t [2]], Equiv [t [2], t [3]]]
Reducti onRul es [Equi v [t [1], t [2]] Equi v [t [2], t [3]] Equi v [t [5], t [61]]
Reducti onRul es [Equi v [t [1], t [2]], Equiv [t [2], t [3]], Equiv [t [5], t [6]]]
WExpand [W[1, 2] + M2, 1]]
0
WMIW1, 2] + W3, 4], 3W2, 5]]
3W2, 3, 4, 5]
{IM[3, W2, 3, 511, IM4, W2, 3, 511}
{-W2, 5], 0}
{IM[{4, 2}, W3, 41 +2W3, 2, 411, IM[{2, 4}, W3, 4] +2WS3, 2, 411}
{2W3], -2W3]}
Reduce [AHD[{2, 1}, W4, 3], t[1] ==t [2], t[2] W5, 6]]]
AHD[ {1, 2}, W3, 4], t[1] =t [2], -t [1] W5, 6]]
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AHD[ {1}, W2], 1, W{11] AHD[{2}, W1], 1, W2]]

AHD[ {}, W], 1, -W]]

PD[M rror [Knot [3, 1]]1]

KnotTheory:loading : Loading precomputed data in PD4Knots'.

PD[X[4, 2, 5, 1], X[6, 4, 1, 3], X[2, 6, 3, 5]]

Times ee (AT /e (PD[X[4, 2, 5, 1], X[6, 4, 7, 3], X[2, 6, 3, 5]] /. X » Xp))

AHD[ {1}, W[7], ty =tp=tg=tg=ts=tg =1ty
Sty WL s t2 W] -t WA+t W7 -t W7t W7
pd = PD[Tor usKnot [5, 4]]

PD[X[17, 25, 18, 24], X[10, 26, 11, 25], X[3, 27, 4, 26], X[11, 19, 12, 18], X[4, 20, 5, 19],
X[27, 21, 28, 20], X[5, 13, 6, 12], X[28, 14, 29, 13], X[21, 15, 22, 14], X[29, 7, 30, 6],
X[22, 8, 23, 7], X[15, 9, 16, 8], X[23, 1, 24, 30], X[16, 2, 17, 1], X[9, 3, 10, 2]]

n=2Length[pd];

pd = pd /. {
X[, i_, n, j_1 = Xn+1, i, n, j1, X[i_, 1, j_, n] = X[i, n+1, j, nJ,
X[n, i_, 1, j_1 » X[n, i, n+1, j1, X[i_, n, j_, 11 =» X[i, n, j, n+1]
}

PD[X[17, 25, 18, 24], X[10, 26, 11, 25], X[3, 27, 4, 26], X[11, 19, 12, 18], X[4, 20, 5, 19],
X[27, 21, 28, 20], X[5, 13, 6, 12], X[28, 14, 29, 13], X[21, 15, 22, 14], X[29, 7, 30, 6],
X[22, 8, 23, 7], X[15, 9, 16, 8], X[23, 31, 24, 30], X[16, 2, 17, 1], X[9, 3, 10, 2]]

AT[CircuitDiagramee pd /. X -» Xp]

AHD[ {1}, W31], ty =tp=tg=tg=tg=tg=ty=tg=tg=tig=ty =tip=tig=1ty=1ts5=
tig ==t17 =l1g =T1g ==lpo ==t21 =122 =123 =124 =1t25 == t26 =27 =128 =29 = 30 = 31,
SUEWL] - tEW) - tEWILD S e T W] -3 WEL] £ 3 WEL] - 3 WEL] + t 2 W3] -
t3W31) +tSW31) -t3wW31] +t1°W31) -t W31 +t1* W31 |

Test [pd_PD] := Modul e[
{n =2 Length[pd]},

Cancel [
(Last [AT]
CircuitDiagramee pd /. {
X[, i, n, j_1 » Xn+1, i, n, j1, X[i_, 1, j_, n]l = X[i, n+1, j, n],
X[, i_, 1, j_1 » X[n, i, n+1, j1, X[i_, n, j_, 11 =» X[i, n, j, n+1]

} /. X X = If[PositiveQ[x], Xpeex, XmeeXx]
11 7. {WMn+1] > 1, W1] - 0, t3 > t})
/ Al exander [pd][t]

]
I:

Test [L_] := Test [PD[L]]
Test [Knot [5, 2]]

t3

|7
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Test /@ All Knots[{3, 9}]

(2,63, 63, 63, 4 4 63, 4 4 4 th th th 10 12t 1P 1P, P, P,
t4, t4, t3 4 15t t4 t5, tP t4 t5 t4 t4 t5 t® t5 t5 t5 t5 t5 t5
t3 t5 t3 t5 t5 t53 t5 t® t5 t5 t& t5 tb t5 t> t& t3 t5 t5 tb t4
t5, t8 t% t° t8 t% t% t5 t5 t6 t5 t6 t6 t6 t6 5 5 3 t® t3 t® t®}



