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Projectivization, Welded nd Alekseev—Torossian © SOERE
The Categorification Speculative Paradigm

e Every object in math is the Euler characteristic of a complex.

o Every operation in math lifts to an operation between complexes.

e livery identity in mathematics is true up to homotopy.

'l‘h«-‘l’rnjwli\'izuliun 'l}-n'luli\'« Spr-ru}u!iw I'anuli.um‘ ijccuvi.nuon" {obbcse cty

e Every graded algebraic structure in mathematics is the projec- kind3 J *—
tivization of a plain (“global”) one. Has kinds. obi d ba

e Every equation written in a graded algebraic structure is an  ® 1as kinds, objects, operations, and maybe con-

equation for a homomorphic expansion, or for an automorphism BN _ .
ofsuch. o Perhaps subject to some axioms.
o e(x +y) = e(x)e(y) in Q[[r.y]]. Graded Equations Examples o‘\\.‘o nlwa}fs sl Krwl lmva.r C(,,'flhm‘:(m“s'
e The pentagon and hexagons in A(s,4). Defining proj@. The augmentation “ideal”™:
. (}h.e equations defining a QUEA, the work of Etingof and Kazh- i i {I’ el differences of ub-}
an. . 52
ects “of the same kind
o The Alekseev-Torossian equations sder «— tree-level A ?
in U(sder,) and U(tder,) tder « more all outputs of algebraic
FeU(tder,); Fle(x+y)F =e(r)e(y) <> I € Sol Then /" := {oxpn-ssions at least n of}. and
whose inputs are in /

& = dp = (F23)"N(P12)7) PPV € Y(sders)
q,l.'l,:!q,l.n'lq,ﬂ.&‘l - (l,l'l.ﬂ.iq,l.ﬂ‘i“

proj O = @I"/I"".

“the pentagon” >0

t = ~(y.x) € sder, satisfies 41' and r = (y,0) € tder, satisfies 61° * Hu..s same kinds and operations, but different
2 objects and axioms.

R = e(r) satisfies Yang-Baxter: RZRSH® — P RIR1? Knot Theory Anchors

Vassiliev
123 .y 28 L2372 -1 o e (O/I"*")* is “type n invariants”.
also R = Rl [rltl and F='R (l‘ ) R“R . (ln/ln»l)n is "W(‘.ixhl S)'S(l’!nlﬂ“.
7(F) 1= RIF*'e(~t) is an involution,®, () = (F') ! o proj O is A, “chord diagrams”. — Gowsr
Solg := (F: 7(F) = I} is non-empty; for I € Solf, Warmup Examples

o The projectivization of a group is a graded as-

et 4 12) = (1) (9P) (12 9™ sociative algebra
and  e(t'? + £3) = (132)1e(¢1) 5N 2e(112) B . e A gquandle: a set @ with a binary op A st
I1Az=1, x2Al=rAx==x

Alekseev This is just a part of the Alekseev—Torossian work! Torosslan TR 4 % PR —
o Related to the Kashiwara-Vergne Conjecture! So What? (AP Az=(zAz)A(yA2) "
o Wil likely lead to an explicit tree-level associator, a linear equa- L = proj@ is a graded Lie algebra: set v :
tion away from a 1-loop equation, two linear equations away from (v—1) (these generate [!), feed 142, 1+, 14 Zin
a 2-loop associator, etc.! wiamn ), and collect the surviving terms of lowest
o A baby version of the QUEA equations; we may be on the right degree:
tracks! ‘(;FAy)AE—(I‘/\E)/\y{;i‘/\(g]/\f)A

sal finite type invariant™). In practice, it is hard
@ @_@ to delernuuo proj @, but easy to guess a surjec-
AT, tion p : A — projO. So find Z': O — A with
Theorem. KTG is generated b_\ the unknotted 4 and the Mobius 4'(1") C A?,. and Zj, jjne1 © po = ldg,:
band, with identifiable relations between them. O—2u A

Knotted Trivalent Graphs \n Expansion is Z: O — projO st. Z(I") C
>—< >m< i o W (proj Q) sy and Zgsjpusr = Idpsjpusr (A “univer-
wtip
o &)

A, )
Theorem. Z(A) is equivalent to an associator $. , 4 I(;In: "‘:mmrmh
Algebraic e /i l Joas confusing?
- — Knot proj @ — (proj 0),, )
o - Theory Homomorphic Expansions are expansions
Theorem. {ribbon knots} ~ {uy: v € Of<), dv = OO} that intertwine the algebraic structure on
Hence an expansion for KTG may tell us about ribbon knots, knots 0 and proj O. They provide finite / com-
of genus 5, boundary links, etc. binatorial handles on global problems. e
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£ " Flip Flop "- —_ +*. Mv ﬁ&t

:u;oa >7< Qx %rxX >< ‘#r‘<=%g.a

L ircuit A Il.d‘l"h

* Have "circuits” )‘1,.‘ )q4c‘| S Vy)

with "ends" /\r7(’ B Qg = A
* Can be wired arbi et
oty A‘YL“’R'“"TWW % L

A ; . ! 4

Mfl} have "relations” @ @)) tﬁﬂ =N(g "A(K\)) 4%

de-Morgan, etc. _— .
&

"Welded trivalent (framed)
tangles” are a circuit algebra “Welded Braids” arc due to Fenn, Rimanyi and Rourke - -~
Partial Dictionary.

1y = ) (for vertices), F .
?u:hvr fpﬁ:tu:us Illlf( :yl]:?p = = (K F) <= (/\I ) )\ ) , )é—)({é"’/ ,‘{) /IC

The “Chord Diagrams” A%t Ji
q\laﬂﬂ:"ldl, J‘;L:l'fil’/‘t‘ﬁ w As wt did @RR’K"RD: RnRBK'). s A L= \\/, a' ‘k
SR Ao [0 )= FEVnz e > 2% ¢ =< Vico.

o . Varias mard, fo 9ot alafios Als suitd,
to “U"N JI'\JM [Mju’c’(‘ %« x éd: F-'((X‘S)F=((")e(j) —l~
/X\ u - K’ K (&ah c-o.() FUK"’?:R"'K"‘F""’ 4 /k = Q_\/

A r—;{ H - HS‘ (‘fr) R*= kK> |

R s =AY =0 (ke 1wmg 8 e A= L
The “Jacobi Diagrams™ — A Prtind nAd F":’kll,'s o KD K”F'n 4 ~
I'heorem (()c—,l/) A%t is AT is Il(l(l( o) ) ,le Fl maky -ng au‘"’n‘h’c)

Hore Af s {,ivJu'/ J:n.(/.} ‘{’ld

E ? ? ;j‘;&b 2 ot RF¥e-t)=F & ,'9\/':
s > tsotand, his is ‘6:“'3)"(:“}_,’:4”’5‘2’{\9

Y Co~Comnhitive Lic-lichet @-= e
p’}'ul 'h‘*&.&ulﬂ-y

K f><l xi’m-x\uxmge,p@q?\ =

#ed Wt inVarianct
The Map a: At ' The prtegon ol The homgons Folluw, ilh
I'heorem. (90%) a is an uumlmnnn A:,"'f"u(s(lt-r,,) il —fwu{/ From T fuck Tt wy Wvt an

Pk el e i fin e oL it ot ET
S0 J wles v e s s . r
I'he Main Theorem. (80%/0%) F’s in Solj are in a bijective

Visit! correspondance with tree-level associators for ordinary paran-

thesized tangles (or ordinary knotted trivalent graphs) / with

1 homomorphic expansions for knotted welded trivalent tangles

Leopold Kronecket (paraphrased) Disclaimer. Orientations, rotation numbers, framings, the ver-

s Dbt A fuher Taks asc st hup/Ratlasore yicq] direction and the eyclic symmetry of the vertex may still
http://www.math.toronto.edw/drorbn Talks Oberwolfach - 0805 make everything uglier. | hope not

“God created the knoss,
all else in topology is the work of mortals® \ )
Toeroos fitss B
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